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Abstract 

Multiple linear regression is one of the most widely used statistical techniques in educational 
research. It is defined as a multivariate technique for determining the correlation between a re-
sponse variable and some combination of two or more predictor variables. In this paper, a mul-
tiple linear regression model is developed to analyse the student’s final grade in a mathematics 
class. The model is based on the data of student’s scores in three tests, quiz and final examina-
tion from a mathematics class. The use of multiple linear regression is illustrated in the predic-
tion study of the student’s average performance in the mathematics class. The estimates both 
of the magnitude and statistical significance of relationships between the variables have been 
provided. The graphical representations of our analysis have been given. Some concluding re-
marks are given in the end.  

1. Introduction 

Multiple linear regression is defined as a multivariate technique for determining the correlation 
between a response variable Y and some combination of two or more predictor variables, X, 
(see, for example, Montgomery and Peck (1982), Draper and Smith (1998), Tamhane and Dun-
lop (2000), and McClave and Sincich (2006), among others, for details). It can be used to an-
alyse data from causal-comparative, correlational, or experimental research. It can handle inter-
val, ordinal, or categorical data. In addition, multiple regression provides estimates both of the 
magnitude and statistical significance of relationships between variables.  

Multiple linear regression is one of the most widely used statistical techniques in educational 
research. It is regarded as the “Mother of All Statistical Techniques.” For example, many col-
leges and universities develop regression models for predicting the GPA of incoming freshmen. 
The predicted GPA can then be used to make admission decisions. In addition, many re-
searchers have studied the use of multiple linear regression in the field of educational research. 
The use of multiple linear regression has been studied by Shepard (1979) to determine the pre-
dictive validity of the California Entry Level Test (ELT). In Draper and Smith (1998), the use of 
multiple linear regression is illustrated in a prediction study of the candidate’s aggregate perfor-
mance in the G. C. E. examination. The use of multiple regression is also illustrated in a partial 
credit study of the student’s final examination score in a mathematics class at Florida In-
ternational University conducted by Rosenthal (1994). A multiple regression study was also 
conducted by Senfeld (1995) to examine the relationships among tolerance of ambiguity, belief 
in commonly held misconceptions about the nature of mathematics, self-concept regarding 
math, and math anxiety. In Shakil (2001), the use of a multiple linear regression model has been 
examined in predicting the college GPA of matriculating freshmen based on their college en-
trance verbal and mathematics test scores.  

The organisation of this paper is as follows. In Section 2, the multiple linear regression model 
and underlying assumptions associated with the model are discussed. In Section 3, the prob-
lem and objective of this study are presented. Section 4 provides the data analysis, justification 
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and adequacy of the multiple regression model developed. Some concluding remarks are given 
in Section 5.  

1. Multiple Linear Regression Model and Assumptions 

2.1. Model  

A multiple linear regression model (or a regression equation) based on a number of independent 
(or predictor) variables X1, X2, ……XK can be obtained by the method of least squares, and is 
given by the equation  

Y = β0 + β1X1 + β2X2+…….+βkXk + ε1 

where Y= response variable, X=predictor variables, βk= the population regression coefficients, 
and ε = a random error, (see, for example, Mendenhall, et al (1993), and Draper and Smith 
(1998), among others, for details). Multiple linear regression allows for the simultaneous use of 
several independent (or predictor) variables, X, to explain the variation in the response variable 
Y. The fitted equation is given by  

                                                        

where Y= predicted or fitted value and βk= estimates of the population regression coefficients. 
The sum of squares of deviations (residuals) of the observed value of Y from its predicted or 
fitted value is given by  

S S(residual) =  

where i s the fi t ted model and   

are estimates of the model parameters. The “best fit” equation based on the sample data is the 
one that minimises the S S(residual). 

2.2 Assumptions 

For the multiple linear regression model  

the following assumptions are made:  
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1. The random error term ε has an expected value of zero and a constant variance 2σ. That is, 
E(ε) = 0 and V(ε) = σ2 for each recorded value of the dependent variable Y.  

2. Error components are un-correlated with one another 

3. The regression coefficients β0, β1, β2,… βk are parameters (and hence constant). 

4. The independent (predictor) variables X1, X2, …., Xk are known constants.  

5. The random error term ε is a normally distributed random variable, with an expected value of 

zero and a constant variance σ2, by assumption (1). That is, ε ~ N(0,σ2). Under this additional 

assumption, the error components are not only uncorrelated with one another, but also neces-
sarily independent.  

3 Problem and Objective of the Study 

The purpose of the present study was to contribute to the body of knowledge pertaining to the 
use of multiple linear regression in educational research. The objective was to develop an ap-
propriate multiple linear regression model to relate the student’s final examination score (consid-
ered as the dependent or response variable Y) to the student’s scores in tests, quizzes, etc. 
(considered as the independent or predictor variables X). It examined how well the scores in 
tests, quizzes, etc. could be used to predict the student’s final grade. Data were collected on 
Student’s Test # 1 (X1)score , Test # 2 score (X2), Test # 3 score (X3), and Final Examination 
Score , for a sample of 39 students in a MS mathematics class. Using these variables, the fol-
lowing three-predictor multiple linear regression model (or the least squares prediction equation) 
was developed:  

where β’s denote the population regression coefficients, and ε is a random error.  

The Mathematica regression computer programs were used to determine the regression coeffi-
cients and analyse the data (see, for example, Mckenzie and Goldman (2005). The adequacy of 
the multiple linear regression model for predicting the student’s final examination grade was 
conducted using the F-test for significance of regression.  

4 Data Analysis 

The Mathematica regression computer program outputs are given below. The paragraphs that 
follow explain the computer program outputs.  
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4.1. Mathematica Regression Computer Program Output: Analysis of Variance  

4.1.1. Regression Analysis: Y versus X1, X2, X3  

The regression equation is  

Y = 8.98 + 0.247 X1 + 0.338 X2 + 0.290 X3  

S = 13.1376 R-Sq = 53.3% R-Sq(adj) = 49.3%  

PRESS = 7229.35 R-Sq(pred) = 44.09%  

Analysis of Variance 

 Source	  	 DF 	 SS 	 MS 	 F 	 P  
Regression 	 3 	 6890.6 	 2296.9 	 13.31 	 0.000  
Residual Error 	 35 	 6040.8 	 172.6  
Total 	 	 38 1	 2931.4  

Source 	 DF 	 Seq 	 SS  
X1 	 1 	 4251	 .7  
X2 	 1 	 1534	 .1  
X3 	 1 	 1104	 .8  

Unusual Observations  

Obs 	 X1 	 Y 	 Fit 	 SE Fit 	 Residual 	St Resid  
13 	 59.0 	 85.00 	 58.42 	 3.69 	 26.58 	 2.11R  
38 	 78.0 	 45.00 	 72.63 	 2.37 	 -27.63 	 -2.14R  

R denotes an observation with a large standardised residual.  

4.1.2. Interpreting the Results  

1. From the Analysis of Variance table, we observe that the p-value is (0.000). This implies that 
that the model estimated by the regression procedure is significant at an α-level of 0.05. Thus 
at least one of the regression coefficients is different from zero.  

Predictor Coef SE Coef T P VIF

Constant 8.978 9.737 0.92 0.363

X1 0.2466 0.1456 1.69 0.099 1.6

X2 0.3384 0.1202 2.82 0.008 1.5

X3 0.2899 0.1146 2.53 0.016 1.1
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2. The p-values for the estimated coefficients of X2 and X3, are respectively 0.008 and 0.016, 
indicating that they are significantly related to Y. The p-value for X1 is 0.099, indicating that it is 
probably not related to Y at an α-level of 0.05.  

3. The R2 and Adjusted R2 Statistic: There are several useful criteria for measuring the goodness 
of fit of the multiple regression model. One such criteria is to determine the square of the mul-
tiple correlation coefficient R2 (also called the coefficient of multiple determination), (see, for 
example, Mendenhall, et al (993), and Draper and Smith (1998), among others). The R2 value 
in the regression output indicates that only 53.3 % of the total variation of the Y values about 
their mean can be explained by the predictor variables used in the model. The adjusted R2 
value (Ra2 )indicates that only 49.3 % of the total variation of the Y values about their mean can 
be explained by the predictor variables used in the model. As the values of R2 and Ra2 are not 
very different, it appears that at least one of the predictor variables contributes information for 
the prediction of Y. Thus both values indicate that the model fits the data well.  

4. Predicted R2 Statistic: The predicted R2 value is 44.09%. Because the predicted R2 value is 
close to the R2 and adjusted R2 values, the model does not appear to be overfit and has ade-
quate predictive ability.  

5. Estimate of Variance: The variance about the regression σ2 of the Y values for any given set of 
the independent variables X1,X2,….Xk is estimated by the residual mean square s2, which is 
equal to SS(residual) divided by appropriate number of degrees of freedom, and the standard 
error s is given by  

s =  

For our problem, we have  

s2 = 172.6 and s = 13.1376 

Examination of this statistics indicates that the smaller it is the better, that is, the more precise 
will be the predictions. A useful way of looking at the decrease in s is to consider it in 	
relation to response, (see, for example, Drap- er and Smith (1998), among others, for 
details). In our example,  s as a percentage of mean   , that is, the coefficient of varia-
tion (CV), is given by  

This means that the standard deviation of the student’s final examination grade, Y, is only 
19.72910 % of their mean.  
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6. Unusual Observations: Observations 13 and 38 are identified as unusual because the abso-
lute value of the standardised residuals are greater than 2. This may indicate they are out-
liers.  

7. Multicollinearity: By multicollinearity, we mean that some predictor variables are correlated 
with other predictors. Various techniques have been developed to identify predictor variables 
that are highly collinear, and for possible solutions to the problem of multicollinearity, (see, for 
example, Montgomery and Peck (1982), Draper and Smith (1998), Tamhane and Dunlop 
(2000), and McClave and Sincich (2006), among others, for details). For example, we can 
examine the variance inflation factors (VIF), which measure how much the variance of an 
estimated regression coefficient increases if the predictor variables are correlated. Following 
Montgomery and Peck (1982), if the VIF is 5 - 10, the regression coefficients are poorly es-
timated. Since the variance inflation factors (VIF) for each of the estimated regression coeffi-
cient in our calculations are less than 5, there does not seem to be multicollinearity in our 
model.  

8. Predicted Values for New Observations: Using the model developed, some values are given 
below.  

New	  
Obs	 X1	 X2	 X3  
1 	 70.0 	 65.0 	 80.0  
New  
Obs 	 Fit 	 SE Fit 	 95% CI 	 	 95% PI  
1 	 71.43 	 2.67 	 (66.01, 76.84) 	 (44.21, 98.64)  

4.2. Best Subsets Regression: Y versus X1, X2, X3  

Another important criterion function for assessing the predictive ability of a multiple linear re-
gression model is to examine the associated Cp statistic. The best subsets regression method 
is used to choose a subset of predictor variables so that the corresponding fitted regression 
model optimises Cp  the statistic. The Mathematica regression computer program output for 
best subsets regression is given below.  

Best Subsets Regression: Y versus X1, X2, X3  

Response is Y  
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In the above computer output, each line represents a different model. Vars is the number of 
variables or predictors in the model. The R2 and adjusted R2 statistic are converted to percent-
ages. Predictors that are present in the model are indicated by an X. The model with all the 
predictor variables has the highest adjusted R2 (49.3 %), a low Mallows Cp value (4.0), and the 
lowest S value (13.138). Note that two-predictor models (X2,X3) or (X1,X2) also exist here with 
respective highest adjusted R2, a low Mallows Cp value, and the lowest S value (see the output 
above).  

4.4. Testing the Adequacy of Multiple Regression Model for Predicting 
the Student’s Final Exam Grade  

From the above analysis, it appears that the fitted multiple regression model for predicting the 
student’s final examination grade, Y, is given by  

∧ 
Y = 8.98 + 0.247 X1  + 0.338 X 2  + 0.290 X 3  . 

This section discusses the usefulness and adequacy of the above developed multiple regres-
sion model developed for predicting the student’s final examination grade.  

4.4.1. Confidence Interval for the Parameters βi 

If we assume that the variation of observations about the line are normal, that is, the error terms 

ε are all from the same normal distribution, N (0 , σ 2 ), it can be shown that we can assign  

(1 −α)100 % confidence limits for βi by calculating 

  

Mallows X X X

Vars R-sq R-sq(adj) C-p S   1   2    3

1 37.6 36.0 11.7      X

1 32.9 31.1 15.3 X

2 49.5 46.6 4.9      X  X

2 44.7 41.7 8.4 X   X

3 53.3 49.3 4.0 X   X  X
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where  is the (1 −α)100 % percentage point of a t - distribution,  

with (n-2) degrees of freedom (the number of degrees of freedom on which the estimate s2 is 
based).  

Suppose α =  0.05. For t(37,0975), we can use t(40,0.975) = 2.021 or interpolate in the t -table, 
Those we have 

1. 95% confidence limits for β1: (- 0.047641, 0.540905);  
2. 95% confidence limits for β2: (0.0954646, 0.5812434); and 
3. 95% confidence limits for β3: (0.0583227, 0.5214433). 

4.4.2. Tests of Significance for Individual Parameters  

H 0 : βi  = 0 versus H a : βi  ≠ 0 

A test of hypothesis that a particular parameter, say, βi equals zero can be conducted by 
using a t - statistic given by 

The test can also be conducted by using the F -statistic since the square of a t - statistic 
(with ν degrees of freedom) is equal to an F -statistic with 1 degree of freedom in the 
numerator and ν degrees of freedom in the denominator. That is t2 = F. 

Decision Rule: Reject H0 if  

Using the multiple linear regression computer outputs, the analysis of t - statistic values for dif-
ferent iβ’s are given in Table 4.4.1 below.  
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* For t(37, 0.975), we can use t(40, 0.975) = 2.021 or interpolate in the t - table 

4.4.3. -Test for Significance of Regression F  

Null Hypothesis: H0 : β1 = β2  = β3  = 0 (The regression is not significant) versus the; 

Alternate Hypothesis: H0: at least one of β1’s = 0 (The regression is significant) 

Test Statistics = '  

Decision Rule: Reject H0 if  

The value of F – statistic for testing the hypothesis is that at least one of the predictor variables 
contributes significant information for the prediction of the student’s final examination grade, Y . 
In the computer output, it is calculated as F = 13.31. Comparing this with the critical value of 
F(v1 = 3, v2 = 35, 0.95) = 2.84 at α = 0.05. we reject the null hypothesis: H0 : β1 = β2  = β3  = 0, 
that is the regression is not significant. Thus, the overall regression is statistically significant. In 
fact, F = 13.31 exceeds F(v1 = 3, v2 = 35, α = 0.005) = 4.98 (see, for example, Mendenhall, et 
al (1993), p. 994, Table 6), and is significant at a p value < 0.005. It appears that at least one of 
the predictor variables contributes information for the prediction of  Y. 

Null 
hypothesis

t(37, 
0.975)*

| t | Inference Conclusion

H0 : β1 = 0 2.021 1.69 Fail to re-
ject H0

In the presence of X2 and X3, 
X1 is poor predictor

H0 : β2 = 0 2.021 2.82 Reject H0 In the presence of X1 and X3, 
X2 is a good predictor of Y

H0 : β3 = 0 2.021 2.53 Reject H0 in the Presence of X1 and X2, 
X3 is a good predictor of Y
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5 Concluding Remarks 

The fitted multiple regression model for predicting the student’s final examination grade, Y is 
given by 

From the above analysis, it appears that our multiple regression model for predicting the stu-
dent’s final examination grade, Y, is useful and adequate. In the presence of X1 and X3, X2 is a 
good predictor of Y. In the presence of X1 and X2, X3 is a good predictor of Y. As the values of 
R2 and Ra2 are not very different, it appears that at least one of the predictor variables con-
tributes information for the prediction of Y. The coefficient of variation CV = 19.7292% also tells 
us that the standard deviation of the student’s final examination grade, Y, is only 19.72910 % of 
their mean. Also, since the test statistic value of F calculated from the data, F = 13.31, exceeds 
the critical value of F(v1 = 3, v2 = 35, 0.95) = 2.84 at α = 0.05, we reject the null hypothesis: H0 : 
β1 = β2  = β3  = 0 that is, the regression is not significant. Hence, our multiple regression model 
for predicting the student’s final examination grade, Y, seems to be useful and adequate, and 
the overall regression is statistically significant. The Cp -statistic criterion and residual plots of Y, 
as discussed above also confirm the adequacy of our model. For future work, one can consider 
to develop and study similar models from the fields of education, social and behavioural sci-
ences. One can also develop similar models by adding other variables, for example, the atti-
tude, interest, prerequisite, gender, age, marital status, employment status, race and ethnicity of 
the student, as well as the squares, cubes, and, cross products of X1, X2 and X3. In addition, 
one could also study the effect of some data transformations.  
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